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Abstract
We study the modular invariance of strings on pp-waves with RR-flux. We ex-
plicitly show that the one-loop partition functions of the maximally supersymmetric
pp-waves and their orbifolds can be modular invariant in spite of the mass terms
in the light-cone gauge. From this viewpoint, we also determine the spectrum of
type 0B theory on pp-wave and discuss its gauge theory dual. Furthermore, we
investigate the spectrum of a non-supersymmetric orbifold and point out its super-
symmetry enhancement in the Penrose limit.
1takayana@hep-th.phys.s.u-tokyo.ac.jp
1 Introduction
Recently, much progress in understanding of the superstring theory in RR background
has been made originating from the exactly solvable plane-wave background with RR-flux
[1]. Interestingly, this background possesses an interpretation as the Penrose limit [2] of
the near horizon geometry of D3-branes [3, 4]. The near horizon limit of N D3-branes is
given by AdS5 × S5 and its metric is written as
ds2 = R2
(
−dt2 cosh2 ρ+ dρ2 + sinh2 ρ dΩ23 + dψ2 cos2 θ + dθ2 + sin2 θdΩ
′2
3
)
, (1.1)
where the radius is given by R = (4pigsNα
′2)
1
4 . After we take the Penrose limit R → ∞
scaling as x+ = (t + ψ)/2µ, x− = R2µ(t − ψ), ρ → ρ/R, θ → θ/R, we obtain the
maximally pp-wave metric [3, 4] (with the constant RR-flux F+1234 = F+5678 = µ)
ds2 = −2dx+dx− − µ2
8∑
i=1
(xi)2(dx+)2 +
8∑
i=1
(dxi)2. (1.2)
Since we consider the RR background, we would like to quantize the world-sheet theory
in the Green-Schwarz formulation of superstring [5]. Remarkably, the simple form of the
metric (1.2) enables us to solve the world-sheet theory exactly in the light-cone gauge
[1]. Moreover, the exact string spectrum on pp-waves has been successfully compared
to the dual N = 4 gauge theory operators in [4]. Further studies of string and M-
theory in various pp-wave backgrounds and their holographically dual relations have been
intensively carried out [6-30]2.
However, the light-cone gauge theory has an important fault that the conformal in-
variance is not manifest3 because of the mass term ∼ (µp+)2∑i(X i)2. At the same time,
the modular invariance, which is crucial for the quantum consistency of any string the-
ory, is also not clear. Thus we would like to investigate the modular invariance of string
theory on pp-waves in this paper. An earlier discussion of modular transformation of
open-string amplitudes into boundary state amplitudes has been found in [27]. Below
we will calculate one-loop vacuum amplitudes of closed strings on pp-waves and examine
their modular invariance. Since the pp-wave solution is the only solvable background with
2 In these developments the authors have discussed the supersymmetry enhancement [6, 7, 23], orb-
ifolded pp-waves [6, 11, 12, 13, 14, 22], the less supersymmetric pp-waves [8, 15, 16], the algebras in the
Penrose limit [3, 9, 29], D-branes in pp-waves [10, 23, 27], light-cone string field theory [21], holographic
properties [18, 25], string interactions in the gauge theory side [25, 26], the Penrose limit in NSNS back-
ground [8, 23, 24, 29], another useful limit with a large value of spin [20], Matrix models [28] and some
other gravitational properties [17].
3The covariant string formalism of pp-wave background has been proposed in [19] and the conformal
invariance has been checked.
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RR-flux at present, the study of modular invariance will also be very important to know
properties and consistencies of string spectra in general RR backgrounds.
The modular invariance also gives us a good principle to determine string spectra in
new string backgrounds. As we will see below, we can determine the spectrum of various
orbifolds of pp-waves from this viewpoint. The examples discussed in this paper include
pp-wave in type 0B theory, the non-supersymmetric oribifold C/ZM on pp-waves as well
as the supersymmetric oribifold C2/ZM theory on pp-waves [6, 11, 12, 13, 14]. We also
discuss the non-supersymmetric analog of the duality relation [4] between the strings on
pp-waves and the gauge theories in the examples of type 0B and C/ZM pp-waves.
This paper is organized as follows. In section 2, after a short review of world-sheet
theory of strings on pp-waves, we calculate the one-loop vacuum amplitudes and examine
their modular invariance. We apply this method to type 0 theory and determine the spec-
trum of the type 0B pp-wave model. We also discuss the dual gauge theory in this model.
In section 3, we construct modular invariant partition function in both supersymmetric
and non-supersymmetric orbifolded pp-waves. We also discuss the gauge theory dual of
a non-supersymmetric orbifold theory and its supersymmetry enhancement. In section 4,
we draw conclusions and present some discussions.
2 Modular Invariance of Strings on PP-waves
Here we would like to investigate modular properties of string theory on pp-waves. As
we will see, we can prove its modular invariance performing a kind of a deformation of
ordinary arguments in string theory with no RR-flux. See [27] for the analysis of modular
transformation of open string amplitude into closed string one (Cardy’s condition), which
is useful for the discussions below.
First we present a brief review of the Green-Schwarz string on pp-waves [1]. We
mainly follow the convention of [5, 8]. The coordinate of world-sheet is represented by τ
and σ (0 ≤ σ ≤ pi). After we take the light-cone gauge X+ = 2α′p+τ, γ+θ1,2 = 0, there
are eight bosonic fields X i (i = 1 ∼ 8) and sixteen fermionic fields Sa, S˜a (a = 1 ∼ 8).
They are massive fields with the same mass and the world-sheet action becomes
S =
1
piα′
∫
dτdσ
[
∂+X
i∂−X
i − (µα′p+)2(X i)2
]
+
i
pi
∫
dτdσ
[
Sa∂+S
a + S˜a∂−S˜
a − (2µα′p+)SaΠabS˜b
]
, (2.1)
where we defined ∂± = 1/2(∂τ ± ∂σ) and Π = γ1γ2γ3γ4.
The mode expansions of the bosonic fields which satisfy the equation of motion is
2
given by
X i=cos(2µα′p+τ)xi0+
sin(2µα′p+τ)
µp+
pi0+i
√
α′
2
∑
n 6=0
(
αin
ωn
e−2iωnτ−2inσ +
α˜in
ωn
e−2iωnτ+2inσ
)
, (2.2)
where we have defined
ωn =
n
|n|
√
n2 + (µα′p+)2. (2.3)
The canonical quantization imposes the following commutation relations
[αin, α
i
m] = [α˜
i
n, α˜
i
m] = ωnδn+m,0δ
ij, [αi0, α
†i
0 ] = ω0, (2.4)
where we redefined the zero-modes as αi0 =
√
α′/2(pi0−iµp+xi0), α†i0 =
√
α′/2(pi0+iµp
+xi0).
We can also perform the mode expansions of fermions Sa and S˜a similarly. We denote
their oscillators as San and S˜
a
n and (the linear combination of) the zero-modes as S
a
0 and
S†a0 such that the following anti-commutation relations are satisfied
{San, Sbm} = {S˜an, S˜bm} = δn+m,0δab, {Sa0 , S†a0 } = δab. (2.5)
Then we find the spectrum in the string theory on pp-wave as follows. The light-cone
Hamiltonian H = −p− is given by
H = 1
α′p+
(
α†i0 α
i
0 + ω0S
†a
0 S
a
0 +
∞∑
n=1
(αi−nα
i
n + α˜
i
−nα˜
i
n + ωnS
a
−nS
a
n + ωnS˜
a
−nS˜
a
n)
)
≡
∞∑
n=−∞
Nn
√√√√µ2 +
(
n
α′p+
)2
. (2.6)
The vacuum state |0〉 has the zero light-cone energy H|0〉 = 0 because it is defined such
that it is annihilated by the operators αi−n, α˜
i
−n, S
a
−n, S˜
a
−n (n > 0) and α
i
0 and S
a
0 . The
level matching condition is also written as
P =
∞∑
n=−∞
nNn = 0. (2.7)
Now the one-loop vacuum amplitude (partition function) can be defined as follows
Z = c
∫
dτdτ¯
τ2
∫
dp+dp−Tr
[
e−2piα
′τ2p+(p−+H)+2piiτ1P
]
, (2.8)
where Tr denotes the trace in the Hilbert space of the light-cone string theory4; c is a
constant factor, which we will neglect below; τ = τ1 + iτ2 denotes the moduli of two
dimensional torus as usual. The modular invariance of the partition function enables us
to restrict the integration of the torus moduli τ, τ¯ to the fundamental region.
4 For earlier discussions of closed string partition function see [8]. Note that here we define the trace
with the minus sign for all spacetime fermions so that the amplitude represents the vacuum energy.
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2.1 Modular Invariance of Type II String on PP-wave
Before we compute the vacuum amplitude, it is useful to define the following partition
function5 Z
(m)
a,b (τ, τ¯), which has a nice modular property,
Z
(m)
a,b (τ, τ¯) = e
4piτ2∆
(m)
b
∞∏
n=−∞
(1− e−2piτ2
√
m2+(n+b)2+2piiτ1(n+b)+2piia)
×(1 − e−2piτ2
√
m2+(n−b)2+2piiτ1(n−b)−2piia). (2.9)
The factor ∆
(m)
b corresponds to the zero-energy (Casimir energy) of a 2D complex scalar
boson φ of mass m with the twisted boundary condition φ(τ, σ+pi) = e2piibφ(τ, σ) and its
explicit form is defined by
∆
(m)
b = −
1
2pi2
∞∑
p=1
∫ ∞
0
ds e−p
2s−pi
2m2
s cos(2pibp). (2.10)
In the massless limit this zero energy correctly reproduces the familiar value
lim
m→0
∆
(m)
b =
1
24
− 1
8
(2b− 1)2. (2.11)
The modular property of the above defined function is given by
Z
(m|τ |)
a,b (−
1
τ
,−1
τ¯
) = Z
(m)
−b,a(τ, τ¯ ), (2.12)
Z
(m)
a,b (τ + 1, τ¯ + 1) = Z
(m)
a+b,b(τ, τ¯ ). (2.13)
The latter identity is easy to check and the more nontrivial relation (the former one) can
be proved by using the Poisson resummation formula as shown in the appendix. The
important point is that we must shift the value of mass parameter as m→ m|τ |. This is
natural because the theory is massive and thus is not conformal invariant. Note also that
since we consider the two dimensional massive theory, there is not any definite distinction
between left-moving and right-moving sector. Thus we cannot define a sort of a chiral
partition as in massless case. It also enjoys other useful properties
Z
(m)
a+1,b(τ, τ¯) = Z
(m)
a,b+1(τ, τ¯) = Z
(m)
a,b (τ, τ¯), Z
(m)
−a,−b(τ, τ¯) = Z
(m)
a,b (τ, τ¯). (2.14)
In the conformal limit, m→ 0 it is reduced to the familiar theta function
lim
m→0
Z
(m)
a,b (τ, τ¯)
√
Z
(m)
0,0 (τ, τ¯)
2piτ2m
= e−2pib
2τ2 |θ1(a+ bτ |τ)|2. (2.15)
5 In ref.[27] the authors defined the real partition functions f
(m)
i (q), (i = 1, 2, 3, 4). Our complex
partition function Z
(m)
a,b (τ, τ¯ ) includes (the square of) them as the particular cases τ2 = 0 and (a, b) =
(0, 0), (0, 1/2), (1/2, 0), (1/2, 1/2).
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Now let us move on to the investigation of the one-loop string partition function on
the maximally supersymmetric pp-wave. Its explicit form is given by6
ZIIB =
∫
dτdτ¯
τ2
∫
dp+dp−e−2piα
′τ2p+p−

Z(α′µp+)0,0 (τ, τ¯)
Z
(α′µp+)
0,0 (τ, τ¯)


4
. (2.16)
Note that the denominator and numerator of the modular function are the same
and thus the quotient is given by not zero but one7. This phenomenon is due to the
spacetime supersymmetry of the pp-wave background. Since the dynamical supercharges
Q− commute with H (see [1]), we can regard the total partition function as the Witten
index of Q−. Thus only the (bosonic) ground state |0〉 can contribute to it and we obtain
the unit value8.
The modular invariance of (2.16) does hold formally without using this fact, that is,
independently with respect to bosonic and fermionic contribution, though the integrations
of p+ and p− diverge. This is shown by noting the modular invariant combination dτdτ¯/τ 22
and performing the rescaling
p+
′
= |τ |p+, p−′ = |τ |p−. (2.17)
After we perform an analytic continuation of the momentum integration and integrate
the torus moduli τ, τ¯ in the fundamental region, we obtain a finite value of the amplitude.
2.2 Type 0 String on PP-wave
Since in the previous example of the maximally supersymmetric pp-wave in type IIB
theory the modular function part is rather trivial due to the Bose-Fermi degeneracy, next
we would like to consider a more non-trivial case of type 0B pp-wave9.
In type 0 string theory there are two types of D-branes each called electric and magnetic
D-branes [31] (for a review of type 0 theory see [32]). Since the near horizon limit of N
electric D3-branes and N magnetic D3-branes in type 0B theory is given by AdS5 × S5
6If we take the limit µ = 0, one may think that the partition function should vanish due to Jacobi
identity. This does not contradict our result (2.16) because our function ∼ 1/Z(m)40,0 includes the divergent
volume factor.
7 After we submitted this paper, we were informed by A.A.Tseytlin of another definition of one-loop
vacuum amplitude based on path-integral calculations, which seems to be zero. The author is very
grateful to A.A.Tseytlin for sending his unpublished notes and our correspondence. In this paper we only
discuss the partition function defined in the operator formalism.
8 The author would like to thank T. Eguchi and Y.Sugawara very much for related comments on the
property of partition function.
9While preparing this paper for publication, there appears the partially overlapped paper [30] which
discusses string on type 0B pp-wave and duality to gauge theory independently.
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[31], the pp-wave background can be realized by considering the Penrose limit of this
background. The gauge theory on these branes is non-supersymmetric and its gauge
group is given by SU(N) × SU(N). Generalizing the arguments in the ordinary type 0
theory with no RR-flux [31], we argue that the spectrum can be obtained by twisting
that of type IIB pp-wave by the Z2 projection (−1)FS , where FS means the spacetime
fermion number. Then we find the modular invariant partition function, which is more
complicated than in the type IIB case
Z0B =
∫
dτdτ¯
τ2
∫
dp+dp−e−2piα
′τ2p+p−
×Z
(α′µp+)
0,0 (τ, τ¯)
4 + Z
(α′µp+)
1/2,0 (τ, τ¯ )
4 + Z
(α′µp+)
0,1/2 (τ, τ¯ )
4 + Z
(α′µp+)
1/2,1/2 (τ, τ¯ )
4
2Z
(α′µp+)
0,0 (τ, τ¯)
4
.(2.18)
The first two functions correspond to the untwisted sector of the Z2 twist and the last
two correspond to the twisted sector with the shifted modings as αin+1/2, S
a
n+1/2. We have
determined their non-trivial zero energy by requiring the modular invariance. Note also
that the spectrum is purely bosonic as in the flat background.
Next let us briefly discuss the duality of this pp-wave background to the gauge theory.
This will give a non-supersymmetric generalization of the result in [4]. To see this it is
useful to note that our system in type 0 theory can be obtained from a system of 2N
D3-branes in type IIB theory (SU(2N) gauge theory) by the projection (−1)FS . After
the projection, open strings between the same kind of D-branes are bosonic and open
strings between the different kind of D-branes (electric and magnetic) are fermionic. More
explicitly, the Z2 projection acts as
10 (−1)FS · σ3 ⊗ 1N on the open string spectrum with
2N × 2N Chan-Paton matrices [31]. Then we can see the duality to the gauge theory
by applying the arguments in orbifold theory [11, 12, 13]. The ground state of untwisted
sector corresponds to the operator Tr(ZJ), where the trace is defined for 2N×2N matrices.
The field Z = φ5 + iφ6 denotes a (complex) transverse scalar in the gauge theory and
has the U(1) charge J = 1. The twisted sector ground state is dual to the operator
Tr(σ3Z
J). The excitations of these vacuum states correspond to the insertions of the
covariant derivatives Di (i = 1 ∼ 4) or the other transverse scalars φi (i = 1 ∼ 4) taking
the summation over their possible positions with nontrivial phase factors in the same way
as in [4]. Fermions χa (i = 1 ∼ 8), which have the U(1) charge J = 1/2, can also be
treated similarly. For example, in the twisted sector we obtain the correspondence
Sa−n−1/2S˜
b
−n−1/2|0〉 ↔
J∑
l=0
e
2piil(n+1/2)
J Tr
[
σ3Z
lχaZJ−lχb
]
, (2.19)
10Here σ3 is the Pauli matrix. Below we omit the trivial part 1N .
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where the twisted boundary condition corresponds to the shift of the ‘momentum’ n by
1/2 because of the non-trivial commutation relation χa σ3 = −σ3 χa in the gauge theory
as already discussed in the context of orbifolded pp-waves [12, 13]. Interestingly, the
spacetime fermions of type 0 string theory, which exist only in open string sectors, just
correspond to the purely bosonic closed string spectrum via the holography. If we view
this in an opposite way, the absence of spacetime fermions in the closed string theory is
consistent with the fact that the trace does vanish when we insert the fermions into Tr(ZJ)
or Tr(σ3Z
J) odd times. It will also be interesting to perform gauge theory calculations
and see the matching of spectrum in detail including the non-trivial zero-energy in the
twisted sector (see (2.20) and later discussions). We would like to leave further analyses
for future problems.
Finally we would like to mention the closed string tachyon in type 0 theory. As is
well-known, there is a closed string tachyon in the flat background of type 0 string. In
our case of pp-waves we can detect the tachyonic excitation by examining the divergent
factor in the partition function i.e. ∼ ∫ dτ2eτ2β (β > 0). Thus we have only to know the
difference of zero-energy for the latter two functions in (2.18)
∆
(µα′p+)
1/2 −∆(µα
′p+)
0 =
1
pi2
∞∑
p=0
∫ ∞
0
ds e−(2p+1)
2s−
(piα′µp+)2
s > 0. (2.20)
This shows that we have always a tachyon for finite values of µ. If we set µ = 0, then
the value becomes ∆
(0)
1/2 − ∆(0)0 = 1/8 and the known tachyon mass m2 = − 2α′ is repro-
duced. More interestingly, if we consider the infinite value of µ, then the tachyon seems
to disappear.
3 Modular Invariance of Orbifolded PP-Waves
The Green-Schwarz string on pp-wave background is originally constructed by employ-
ing its supersymmetries in the superspace formalism [1]. Thus it does not seem to be easy
to obtain the less supersymmetric models in the Green-Schwarz formalism. However, the
orbifold procedure allows us to realize such models with few difficulties11. We have already
discussed the non-supersymmetric pp-wave in type 0 theory as a (non-geometric) orbifold
and thus here we would like to investigate the orbifold defined by geometric projections.
The supersymmetric orbifolded pp-waves has been considered and its duality to the
quiver gauge theory [33] has been checked including twisted sectors [11, 12, 13]. In these
11We can also consider the Penrose limit of AdS3 × S3 ×M4 system [4, 8] as a less supersymmetric
example, where the four dimensional manifold M4 represents c = 6 conformal field theory without RR-
flux. The modular invariance of its partition function can be shown in the same way.
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arguments the authors impose the twisted boundary conditions just as in the ordinary
well-studied cases of orbifolds with no RR-flux. Since the twisted sectors are originally
added to physical sectors in order to keep modular invariance (see e.g.[32]), it is very
important to prove this property for orbifolded pp-waves.
Supersymmetric Orbifold C2/ZM
Let us first discuss the orbifolded pp-waves which is equivalent to the Penrose limit
of the near horizon geometry AdS5 × S5/ZM of NM D3-branes at the orbifold C2/ZM .
The orbifold action is given by
X = X4 + iX5 7→ e2pii/MX, Y = X6 + iX7 7→ e−2pii/MY, (3.1)
and the others X1, X2, X3, X4 are unchanged because they are in the direction of AdS5
(only the coordinates of Ω
′
3 in (1.1) are orbifolded). The fermions S
a, S˜a, which belong to
the spinor representation, are also acted in the same way because there are half of maximal
spacetime supersymmetries preserved. The partition function is written as follows
Zorbs =
∫
dτdτ¯
τ2
∫
dp+dp−e−2piα
′τ2p+p−
1
M
M−1∑
k,l=0

Z(α′µp+)0,0 (τ, τ¯)
Z
(α′µp+)
0,0 (τ, τ¯)


2
Z(α
′µp+)
k/M,l/M(τ, τ¯)
Z
(α′µp+)
k/M,l/M(τ, τ¯)


2
, (3.2)
where the summations over k and l represent the orbifold projection and the twisted
sectors, respectively. We can show the modular invariance by using the property (2.12)
only if we include the twisted sectors as in the above form (3.2). Since there exist the
partial supersymmetries preserved in this orbifolded pp-wave, the Bose-Fermi degeneracy
occurs and thus the quotient of the modular functions is equal to a constant. We would
also like to comment that we can impose orbifold projections for all coordinates X1 ∼ X8
in the same way, which will be the Penrose limit of the orbifold not only with respect to
S5 but also to AdS5.
Non-Supersymmetric Orbifold C/ZM
It will be also interesting to consider the non-supersymmetric orbifold of the maxi-
mally supersymmetric pp-wave12. A simple example is the orbifold C/ZM (M is an odd
integer13) in pp-waves, where the orbifold projection is defined by
X = X4 + iX5 7→ e2piiL/MX, (3.3)
12 In the paper [13] the non-supersymmetric type of the orbifoldC2/ZM was considered. The discussion
here can also be applied to this case without serious modifications.
13Note that if we assume M even, then it should be identified with an orbifold in type 0 theory [34, 35].
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where L is an even integer (see e.g.[36, 35] for earlier discussions of its partition function
without RR-flux). Its modular invariant one-loop partition function is given by
Zorbn=
∫
dτdτ¯
τ2
∫
dp+dp−e−2piα
′τ2p+p−
1
M
M−1∑
k,l=0
(
Z
(α′µp+)
Lk
2M
, Ll
2M
(τ, τ¯)
)4
(
Z
(α′µp+)
0,0 (τ, τ¯)
)3
Z
(α′µp+)
Lk
M
,Ll
M
(τ, τ¯)
. (3.4)
The closed string tachyons in this model can also be examined as in the type 0 pp-wave
and we find ‘localized tachyons’ only in twisted sectors as in the ordinary orbifold [34].
The duality to the non-supersymmetric quiver gauge theory can also be examined as in the
supersymmetric orbifold C2/ZM formally, though the matching of conformal dimension
of operators is difficult to check due to the absence of BPS arguments. The l-th twisted
sector corresponds to the insertion of the diagonal matrix
γl = diag(1, e
2piiLl
M , e
4piiLl
M , · · ·, e 2piiL(M−1)lM ), (3.5)
into the trace Tr[ZJ ]. It would also be intriguing to find the gauge theoretic origin of
the non-trivial zero-energy ∆l ≡ 4∆(α
′µp+)
Ll
2M
− 3∆(α′µp+)0 −∆(α
′µp+)
Ll
M
> 0 in the l-th twisted
sector.
Supersymmetry Enhancement in Non-Supersymmetric Gauge Theory
There is another Penrose limit of the previous non-supersymmetric orbifold. In the
near horizon background (1.1) we can impose the ZM projection as follows
Z = R cos θeiψ 7→ e2piiL/M Z. (3.6)
After taking the limit, this leads to the periodicity in the light-cone direction (setting
µ = 1)
(x+, x−) ∼ (x+ + piL
M
, x− +
2piLR2
M
), (3.7)
where the radius is given by R = (4piNMgsα
′2)
1
4 . When the x+ direction is compacti-
fied, the background breaks maximal supersymmetries because the Killing spinor depends
(only) on x+ [3]. If we take ,however, the limit M,N →∞ keeping L and N
M
finite, then
we obtain the DLCQ compactification of maximally supersymmetric pp-waves (1.2)
x− ∼ x− + 2piR− (R− = 2α′L
√
pigsN/M). (3.8)
This background preserves all of the 32 supersymmetries and thus the supersymmetry is
enhanced in this limit even though the original background is non-supersymmetric14. The
14The enhancement of supersymmetry in the Penrose limit of non-supersymmetric models with NSNS-
flux has also been discussed in [23].
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similar type of the appearance of the DLCQ compactification has already been discussed
in [22] in the case of the supersymmetric orbifold C2/ZM .
Let us consider the holographic relation between the string states of the DLCQ and the
operators in the non-supersymmetric quiver gauge theory at the classical level applying
the arguments in [22]. To begin with, we obtain the following correspondence
p− = ∆− J, 2p+ = ∆+ J
R2
, (3.9)
where ∆ and J are the conformal dimension and U(1) charge defined below, respectively.
The light-cone compactification leads to the quantized momentum p+ = k
R−
, (k ∈ Z).
The light-cone Hamiltonian H(= −p−) remains the same as (2.6) and the level matching
is given by
∑∞
n=−∞ nNn = kw, where w is the winding number in the x
− direction15.
Next we would like to examine the quiver gauge theory. There are six transverse
scalars and we denote them by φ1, φ2, φ3, φ4 and Z = φ5 + iφ6 (Z¯ = φ5 − iφ6). The ZM
projection acts only on Z and Z¯ in the same as (3.3). The fields which have non-zero
R-charges are the scalars Z (J = 1), Z¯ (J = −1) and fermions χ1 ∼ χ8 (J = 1/2),
χ˜1 ∼ χ˜8 (J = −1/2). We can expect that only the fields which have the value ∆−J = 1
will survive in the Penrose limit as in [4]. In order to be ZM invariant the number of the
insertions of Z in any single trace operator should be a multiple of M (=Mk) and this
just corresponds to the quantized light-cone momentum k in the DLCQ compactification
(3.8). Thus the vacuum state |k, w = 0〉 of DLCQ string corresponds to the operator
Tr[ZMk], where the trace is defined for NM ×NM matrices. Then the excited states can
be obtained as the insertions of covariant derivatives Di, scalar fields φ
i, or fermions χa.
For example, we obtain the following translation for each insertion (i = 5, 6, 7, 8)
αi−n ↔ φi γn/k, α˜i−n ↔ φi γ−n/k, (3.10)
where the matrix γ is defined in (3.5). Note that after taking the trace and summation
over their positions l (see (2.19)), the insertions of extra matrices γ±n/k are equivalent to
both the familiar phase factor e±
2piinl
J and the overall matrix
∏
n(γn/k)
Nn = γm in the first
position in the trace. The latter matrix comes from the orbifold action on Chan-Paton
matrices in the same way as before (see the arguments below (2.19) or [12, 13]).
Even though the above arguments neglect quantum corrections, our ‘too good’ results
implies that the result will not be changed substantially if we go beyond the classical
analysis16. We would also like to mention that the result suggests the possibility of
15The modular invariance of partition function in DLCQ theory seems to be subtle because the scaling
(2.17) is not allowed. This problem may suggest the requirement of the detailed analysis of Lorentzian
torus. We leave this as a future problem.
16Here we ignore the presence of closed string tachyon in twisted sectors. Notice that the tachyonic
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‘deconstructing’ supersymmetric five dimensional gauge theory or six dimensional (2,0)
theory from the non-supersymmetric gauge theory (cf.[37, 38, 22]).
4 Conclusions and Discussions
In this paper we have investigated the modular invariance of strings on pp-waves. At
first sight, the models do not even seem to be conformal invariant because of the mass
terms for the world-sheet fields in the light-cone gauge. However, the total theory includ-
ing the light-cone directions x+, x− should be completely conformal invariant as examined
in the covariant formalism [19]. Our results show that the modular invariance can also
be satisfied formally, though the calculations include (perhaps inevitable) divergence due
to Lorentz signature. Thus we have obtained an important quantum consistency of the
string theory on pp-waves. It would be very interesting to see the interpretation of the
modular invariance and the scaling (2.17) from the viewpoint of the dual gauge theory.
The one-loop contribution will be important when we consider non-planar diagrams in
the gauge theories.
Since the modular invariance puts a rather strict constraint in string theory, it is a
useful guide when we construct a new theory. Based on this policy we have constructed
the partition function of various orbifolded pp-waves. These include the supersymmetric
orbifolds, non-supersymmetric type IIB orbifold and type 0B theory. In the latter two
examples, we also gave a brief survey of the correspondence between the strings on pp-
waves and dual (quiver) gauge theories. In particular, we pointed out that supersymmetry
can be enhanced in the specific Penrose limit of the non-supersymmetric orbifold and the
DLCQ compactification of pp-waves can be obtained in a similar way to [22]. We also
find the possibility that in these examples the tachyonic instability may be reduced for
large values of RR-flux parameter.
We believe the method developed in this paper will be useful in more general models.
For example, we will be able to discuss the world-sheet properties of fractional D-branes
[33] in orbifolded pp-waves and also the modular properties of compactified pp-waves
[16]. Our results may also give a helpful hint when one tries to know an unknown NS-R
formulation of strings on pp-waves with RR-flux.
instability seems to be reduced when we assume a large value of µ in the same way as in type 0 theory
(2.20).
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A Detailed Calculations of Modular Transformations
Here we show the (deformed) modular transformation of Z
(m)
a,b (τ, τ¯ ). In the following
calculations we will only use the Poisson resummation formula
∑
n∈Z
e−pian
2+2piinb =
1√
a
∑
nˆ∈Z
e−
pi
a
(nˆ−b)2 , (A.1)
and the identity
1√
pi
∫ ∞
0
ds s−
1
2 e−s−
t2
4s = e−t, (A.2)
generalizing the earlier computations done in [27].
First we consider the logarithm of Z
(m)
a,b (τ, τ¯) and perform the Poisson resummation
logZ
(m)
a,b (τ, τ¯)− 4piτ2∆(m)b
=
∑
n∈Z
[
log(1− e−2piτ2
√
m2+(n+b)2+2piiτ1(n+b)+2piia) + log(1− e−2piτ2
√
m2+(n−b)2+2piiτ1(n−b)−2piia)
]
= − 1√
pi
∑
n∈Z
∞∑
p=1
∫
dss−
1
2
[
e−p
2s−pi2
τ2
2
s
(m2+(n+b)2)+2piiτ1p(n+b)+2piiap + (conjugate term)
]
= − 1
piτ2
∞∑
p=−∞
∞∑
nˆ=1
∫ ∞
0
ds
[
exp
(
−|τ |
2
τ 22
p2s+ 2piiap− 2τ1
τ 22
nˆps− pi
2τ 22m
2
s
− snˆ
2
τ 22
− 2piibnˆ
)
+(conjugate term)
]
− 4piτ2∆(m)b + 4pi
τ2
|τ |2∆
(m|τ |)
a . (A.3)
Further we again employ the Poisson resummation with respect to p and then the
integral part of the final expression in (A.3) becomes
− 1
pi|τ |
∞∑
pˆ=−∞
∞∑
nˆ=1
∫ ∞
0
dss−
1
2 exp
(
−snˆ
2
|τ |2 −
pi2τ 22
s
(
(pˆ± a)2
|τ |2 +m
2
)
∓ 2piibn∓ 2pii(pˆ± a) τ1nˆ|τ |2
)
= −
∞∑
nˆ=1
1
nˆ
∞∑
pˆ=−∞
exp

−2pinˆτ2
√√√√(pˆ± a)2
|τ |4 +
m2
|τ |2 ∓ 2pii(pˆ± a)
τ1nˆ
|τ |2 ∓ 2piibnˆ

 . (A.4)
Putting this result (A.4) into (A.3) we can easily find the modular transformation of
Z
(m)
a,b (τ, τ¯) (2.12).
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